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Orthogonally Stiffened Cylindrical Shells
Subjected to Internal Pressure

JAMES TING-SHUN WANG*
Georgia Institute of Technology, Atlanta, Ga.

Comprehensive investigation of two configurations of stiffened cylindrical shells subjected
to internal pressure are made and illustrated by C-5A fuselage-type examples. One con-
figuration has equally spaced longitudinal stringers and circumferential rings, while the
other has uniform circumferential reinforcing bands (straps) added between every two rings.
The skin, stringers, and rings are treated as distinct individual elements. The interactions
among the elements are coupled by requiring compatible deformations along all element
intersections. Numerical results for stiffened shells with, and without, reinforcing circum-
ferential straps based on C-5A fuselage material parameters and dimensions are shown as
plots of displacements and of inner and outer fiber stresses at various locations. The plotted
results show that the straps, which are located midway between every two rings, used on C-5A
fuselage are highly effective in equalizing stress levels throughout the stiffened shell, with
associated reduction of maximum stress levels. This reduction will produce significant bene-
fits in fatigue strength performance where fuselage pressurization and depressurization are
predominant, and in resistance to damage propagation.

Nomenclature

a = shell radius
AR = ring cross-sectional area
b — stringer spacing
D{ = plate rigidities of skin
eij = strain tensor
E = modulus of elasticity
F = Airy stress function
/ = moment of inertia of the stringer cross-sectional area
IR — moment of inertia of the ring cross-sectional area
Kij = curvature tensor
I = ring spacing
Ms = bending moment in stringer
Mij = stress couples in skin
Mr = bending moment in ring
Ntf = stress resultants in skin
p = internal pressure
P = skin normal loading function (along outward normal is

positive)
P = irazp = axial load
q = load between skin and stringer
2Q = load between skin and ring
Ro — ring mid-surface radius
Tr = normal stress resultant in ring
ti = effective shell thicknesses in skin material
T^s = transverse shear in stringer
Vr — transverse shear in ring
v — circumferential ring displacement
w — radial skin displacement (along inward normal is positive)
Ws = stringer displacement
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Wr = radial ring displacement (along inward normal is positive)
x,y = longitudinal and circumferential coordinates
v = Poisson's ratio, dimensionless
Xij = change of curvature tensor
X,M = Lame constants

Introduction

CYLINDRICAL shells stiffened by longitudinal stringers
and rings have been used widely for various structural

purposes. Due to the complexity of the configuration the
structure has been analyzed in the past by considering an
equivalent homogeneous orthotropic shell with effective ex-
tensional and flexural stiffnesses as may be seen in almost all
references.1"9 The discussion on the determination of the
rigidity properties may be referred to in Refs. 10, 11. Such
idealization yields results which are quite acceptable for
general stability and free vibration analyses when only the
buckling load and the natural frequencies are needed, respec-
tively. If one wishes to investigate the actual behavior of
the structure or to design the structure in order to provide
adequate strength or fatigue endurance, it becomes necessary
to know the actual deformation of the shell and the actual
stress distribution in the structure, and the analysis based on
the idealization of the structure to that of an equivalent
homogeneous orthotropic shell becomes undesirable. A
number of authors12"15 have investigated analytically cylin-
drical shells stiffened by elastic rings and subjected to uni-
form pressure. Since the loading and geometry are sym-
metrical about the longitudinal axis, the problems become
one-dimensional. Howland and Beed16 tested cylindrical
shells stiffened orthogonally by equally spaced stringers and
rings subjected to internal pressure. However, no flexural
rigidities of stiffeners and their spacings are given. Barto-
lozzi17 has discussed the general solution for the free vibra-
tions of longitudinally stiffened cylindrical shells by treating
the shell and stringers as individual components. No
numerical example is given. Egle and Sewall18 have studied
the free vibration of orthogonally stiffened cylindrical shells
with stiffeners treated as discrete elements. Beam modal
functions are used to represent the deformation of the
stringer as well as the shell in longitudinal direction, and
Rayleigh-Ritz procedure is utilized. The present study is
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Fig. 1 Typical sections of stiffened shell structure.

concerned with the deformation and stress analysis of orthog-
onally stiffened cylindrical shell subjected to static internal
pressure. The shell, stringers, and rings are treated as
separate structural components. The interactions among
the elements are coupled by requiring compatible deforma-
tions of the shell, the stringers and the rings. Series solu-
tions satisfying the governing differential equations of the
three basic components are used to solve the problem. The
convergence of the resulting series for calculating the de-
formation of the structure is excellent; however, the con-
vergence of the series solution for calculating higher deriva-
tives of the deformation is sometimes not rapid due to the
truncation of terms in the series in actual numerical computa-
tions. The quantities which involve higher derivatives of
displacements, such as stress couples, are therefore calculated
by using a finite-difference technique. The displacements
used in these finite-difference expressions are computed first
according to the series solution and hence, any desirable mesh
size may be used. Small deformation and linear theories
are used in the analysis, and the closed end effects are evalu-
ated separately and then superimposed upon. the solution
corresponding to an open-ended cylinder subjected to normal
loading.

Analysis

Cylindrical shells which are orthogonally stiffened by uni-
form and equally-spaced stringers and rings are considered
for analysis. In the modern large vehicle designs, such as the
giant C-5A airplane, intermediate circumferential bands are
provided between every two adjacent rings of the fuselage
for more effective structural performance and fail safe con-
siderations. Nonuniform skin thickness in the longitudinal
direction is therefore accounted for. Furthermore, the shell
is considered to be long and the effects of the supporting
conditions at the remote ends are negligible. As a result, the
deformation patterns between every two adjacent stringers
and every two adjacent rings are considered to be identical
throughout the shell structure, and therefore, only one typical
portion needs to be analyzed. The basic structural com-

ponents involved in the analysis as shown in Fig. 1 are the
shell, a stringer and a ring. The boundary conditions at
the edges of the components are the vanishing of slope and
transverse shear.

The general solutions according to linear theories for each
component will first be obtained in terms of the interacting
forces. The interaction among the components will then
be coupled by requiring compatible deformations along the
intersections. The analysis and equations governing the
behavior of these components without consideration of
closed-end effects are first presented, and the effects of closed
ends to the deformation and stresses will be discussed sepa-
rately. More detailed derivations and discussions may be
referred to in Ref. 19.

Open Ended Cylindrical Shells

1 Stringer

The following system of equations are taken directly ac-
cording to the elementary beam theory

El (d*W.
\dx* ' dx*

d*W.\ =
dx* J q,VS)Ms) (1)

where E is the modulus of elasticity, I is the moment of inertia
of the cross-sectional area, W is the transverse displacement,
V is the transverse shear, and Ms is the bending moment; the
subscript s corresponds to the stringer, and the sign convention
is shown in Fig. 1. The solution

Ws = WsQ + V

corresponding to the loading

q(x) = — + Y) 3™ cosamx
£j n A

(2)

(3)

is seen to satisfy the differential equation given in Eq. (1) as
well as the boundary conditions TF/(0) = W,'(l) = 7S(0) =
Vs(l) = 0. qm represents the Fourier coefficient of the inter-
acting force q, am = mir/l; Ws0 corresponds to the rigid
body displacement of the stringer. Since the transverse
shear forces are zero at x — 0 and x = I, one may conclude
that go/2, the mean value of loading on the stringer, must be
zero.

2 Ring

Since the rings used in fuselage design are quite closely
spaced and consequently the depth of rings is small when
compared to the radius of the fuselage. Eight inch I-section
rings were used in the preliminary design of C-5A airplane
fuselage and 6-in. rings are typically used in the final design
where the radius of fuselage is 143 in. The depth to radius of
curvature ratio falls within the thin shell range commonly
accepted. For example, the limits of the ratio given by
Novozhilov6 and Kraus20 are -£$ and TV respectively. One
may consider a thin ring analysis by simply using the govern-
ing differential equations for cylindrical shells with terms
associated with longitudinal coordinate neglected. These
equations may be obtained from many textbooks such as
in Ref. 21,f More exact analysis for rings or curved beams
given in existing textbooks such as in Ref. 22 should be used
if the size of the ring becomes large. The equilibrium equa-
tions, stress and displacement relations according to thin
ring analysis are

dTr/dy - Vr/R* = 0
dVr/dy + Tr/R0 = -20

(4)

(5)

t See Eqs. (300-303), pp. 513.
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-dMr/dy + Vr = 0 (6)

Tr = EAB[(dv/dy) - (Wr/Ro)] (7)
Mr = -EIR[(dv/RQdy) + (d*Wr/dy*)] (8)

Some symbols and sign convention are shown in Fig. 1. AR
is the cross-sectional area of the ring, and IR is the moment
of inertia of the cross-sectional area.

By differentiation and elimination, Eqs. (4-8) may be
combined into

r A dWr, „ — AR -3—dy3 dy —— ~r IR p .dy* RQdy* 0 (9)

T dWr AR .ARdv d*v 2Q
—IR -— - — —— Wr + -^- r ~~ IK p j * ̂  ~ TT (10)d?/4 RQ

2 RQ dy RQdy* E ^ '

It may be noted that IR in general is substantially smaller
than R0AR in fuselage design. The maximum value of
lR/(RQ

2AR) in numerical examples presented later is about
0.00043. Also the circumferential displacement v in general
is substantially smaller than Wr. Furthermore, the fourth
term in the left hand side of Eq. (10) is in general much
smaller than the third term. Equations (9) and (10) may
be combined into the following governing differential equation

%5 dy* dy dy

where

ft* = EIR[l - (IR/RQ
2ARa*)]

ft* = (2EIR/R0*a*)

ft* = (EAs/Ro*)[l - (Va*)] (12)
and where

a* = i + (IB/ARRQ
Z)

If (IR/ARR<?) is neglected when compared to 1, one obtains

ft* = EIR - (E!R*/RO*AR), ft* = (2EIR/Rfl and ft* = 0
(13)

Identical results will be obtained if one neglects the last
terms on the left hand sides of Eqs. (9) and (10).

The loading function, 2Q(y), is considered in the series form

= Qo (14)

Since Q0 represents the average uniform loading intensity on
the ring, hence, the average ring deformation becomes

WrQ = (QQaRQ/EAR) (15)

In order to satisfy the governing differential Eq. (11) and the
vanishing of slope and transverse shear at y = 0 and y = 6, the
following solution is obtained:

2Qn

ft*ft2 + ft*)
(16)

Other quantities Tr, Mr and Vr may be obtained from Eqs.
(6-8) and in conjunction with Eq. (16).

3 Shell

A typical portion of the shell under investigation is shown
in Fig. 1. The origin is chosen at midway between two rings
and midway between two stringers. Linear bending theory
for a cylindrical shell with nonuniform skin thickness along
x direction is considered. For convenience, tensor notation
is used and the system of basic equations corresponding to
normal loading are presented below. Similar derivation for

uniform shell may be seen in Refs. 23, 24

NM = 0
Qiti + RUN* - P = 0

v = (Ev/l - v

= \

(17)
(18)
(19)
(20)

(21)

Sn + (1 - *)(*« + X,i)\ (22)

Xa = IF,,, and Kv = L , , (23)
[_U JL/a I

Various symbols shown in Eqs. (17-23) are defined under
Symbols. The relevant compatibility equation is

where eia is the permutation symbol.
Substitution of Eq. (21) into Eq. (24) and introducing into

the resulting equation the Airy stress function, Ft such that

one obtains

where

.
W4 —— ——— I ———— —— 7,

(25)

(26)

-"-YldyVJ
——— ———— —— 7, ————————— _ _ ———— ———

Et \<)y* ba;2d2/2/ ^ dx2 [Et

Elimination of Qi between Eqs. (18) and (19) and substi-
tution of Eqs. (22) and (25) into the resulting equation leads
to the following equation:

V*W = (l/a)F,n - P (28)
where

V4 = Z)[(c)4/d2/4 + Kc)4/c)a;%2))] +
(52/c)a;2) {D [d2/dz2 + v (52/c>2/2) ]} +

2(1 - v)(d/cte) [Z)(d3/c)a%2) ] (29)

and
P = p + q(x)d(y - 6/2) + 2Q(y)d(x - 1/2) (30)

where 5(y — yo) is the singularity function.

Equations (26) and (28) are the governing differential
equation of the shell. The constant, 2, used in last term of
Eq. (14) is merely for convenience.

For a uniform cylindrical shell stiffened by intermediate
uniform circumferential bands, the extensional stiffness, l/Et,
and the flexural rigidity, D, of the shell are

(7), l/Et) = f; (D, l/Eti)[u(x - Z<_0 - u(x - W] (31)
i = l

where N depends on the number of bands, and u(x — XQ) is
the unit stepfunction, v4 and V4 reduce to the well-known
biharmonic operator V4 for a shell having uniform skin thick-
ness, i.e.,

= (1/Z))V4 = V4 (32)
The zero slope and vanishing of transverse shear as bound-

ary conditions involve odd derivatives of normal displace-
ment with respect to x and y along the edges x = 0,Z and
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y = 0,6, respectively. These boundary conditions suggest
that the general solution of Eqs. (26) and (28) may be taken
in the following double cosine series form:

W = (33)

and

F =

where

Y] Fmn Gosamx cosfiny — - I I WwEtdxdx
= 0 9 a JJ

(34)

oim = mir/I and j3n = mr/b (35)

m and n take on even integers because of symmetry about
x = 1/2 and y — 6/2. Therefore, the region bounded by x —
0,//2 and y = 0,6/2 only need be considered.

Since the series solution will be used in the analysis, the
loading function shown in Eqs. (28) and (30) will be ex-
panded into appropriate series as follows:

P =

where

4-

Poo (36)
2,4

(4Qtt/Z) cos(m7r/2) + (2gm/6) cos(n?r/2)

Pon = (go/6) cos(tMr/2) + 2Qn/l

Pmo = g™/6 -f (2Q0/0 cos(m7r/2)
Poo = go/26 + Qo/l + p

Note that the following relationship
»z

F o -rJo

(37)

(38)

has been used.
The solution corresponding to a shell structure with uni-

form skin may be obtained directly from the general solution
for shells with intermediate circumferential straps. How-
ever, unnecessary errors will be inherited in such limiting
case because of series expansions of skin stiffnesses used in
the analysis. Therefore, a separate solution for a shell with
uniform skin thickness will be presented first and a general
solution corresponding to shells with straps will be presented
subsequently.

4 Shell With Uniform Skin

For this case, the linear operator shown in Eq. (32) will be
used in the governing differential Eqs. (26) and (28). The
last term in Eq. (34) will simply be (Et/2a)WQQ. By sub-
stituting Eqs. (33, 34, and 36) in conjunction with Eqs.
(32, 36, and 37) into Eqs. (26) and (28), and by collecting
like terms in the results, one may express the coefficients of
w in terms of loading coefficients as follows:

Wmn = —
/4Qn
\ I

mir
* 2

2 '

QQ

where

(39)

(40)

Expressions similar to Eqs. (39) may also be obtained for
the coefficient of P.J

By matching the displacements between the shell and
stringer along the intersecting line according to Eqs. (2) and
(33) in conjunction with Eq. (39), one obtains the following
relationships:

00

and

cos(m7r/2) 2 cos(m7r/2)
[Damn*

4 cos2(yi7r/2)

(42)

In a similar manner, the following relationships are ob-
tained according to Eqs. (16) and (33) in conjunction with
Eq. (39) in order to satisfy the condition for compatible de-
formation between the skin and the ring,

mir

[ft

mir 2 nir\
- qm cos— ) —6 * 2 )

(43)

and

where

2 *M« (44)

(#«/«*) «m4] (45)
,4 + E^/a2)6] (46)

Qo, Qn and WQQ are eliminated in Eqs. (41-44) and a system
of an infinite number of simultaneous equations results,

] = [Cm] (47)

where

[Qs+i|_\£/C6 L

= ~blD&l

vx

,4-(2r)]"'
(Day4 + Et/a^b

(48)
5TOj is the Kronecker delta.

In practice, only a finite number of Eqs. (47) will be con-
sidered. After having solved for qi, g2, . . . qm, the quantities
Qn, Pmn, Wmn, W on, Qo, Wmo, W00, W(x,y) and Nyy can be
subsequently calculated, and the detailed expressions may be
referred to in Ref . 19.

J Detailed expressions may be referred to in Ref. 19.
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Since only a finite number of terms is taken in the series
which accurately represents the displacement W, there is no
assurance of the convergence of the higher derivatives of this
truncated series. Therefore, the stress couple Mi3-, bending
moments Ms and Mr, transverse shears Qx, Qy, Vs and Fr,
and the ring stress resultants Tr are calculated by using a
finite-difference technique. Central difference representa-
tion of derivatives is used. The displacements for finite
difference expressions are calculated according to the series
solution presented previously in the analysis whenever and
wherever needed.

5 Shell with Straps

For this case, the skin is considered to have nonuniform
thickness. The variation of the skin thickness takes the
form shown in Eq. (31). Substitution of Eqs. (33, 34,
and 36) into Eqs. (26) and (28) in conjunction with the
series expressions!

—, D } smamx =

(D,D

results in the following equations

.sfimns) COSOisX (49)

(50)

(51)

n* F0n = 0 (52)

2(1

(53)

(54)

£ Wmn(^ + „«„.%«) ̂  + pn* ̂

2(1 - v}

n STT 2gr mr- - as*Fsn — — - cos— - — cos— (56)a i £ o Zi

— s-r-

s
b a2

Qo/l + P+ (Foo/2a2)A0wo = 0 (58)
By requiring compatible deformations of the skin, the

stringer, and the ring, i.e.,
w[x,(b/2)] = Ws (59)

and
] = Wr (60)

§ Detailed expressions for Fourier coefficients may be referred
t-oinRef. 19.

Equations (2, 16, and 33) in conjunction with Eqs. (52-
58) are substituted into Eqs. (59) and (60). After a lengthy
mathematical manipulation,^ the following system of rela-
tionships is obtained,
M M / a (E 5 (0-~—,(*...-A.W+y^ 77Tvoim

2)eonw cos'—

£1-2 _ | '
) SV | X

- + 'cos7l! + ̂ ^)^» +
2a\ rnrcos -

M M

M /2a\ mr
£ D^s (~J cosy EIamWm0 = 0 (61)

r i EI
<*s

2am
2dm0s afrton + ~r- otm

28mj +
l I b

1 7 7T ) a 2 1 M K
~^m cos17- + -S

2- dsj Wjo + X) E <*s*am*5m0s X
' -J m k

EI k-rr
TCO!

where

Mf »8?'"-'-"•'?-*-[£* + «-feJ «
.4. - 7 + =r

2(1

(a,1

X0»m

2(1 - v)a,-amp»*Einm,

2 1 \-i
W + Eu) (63)

Equations (61) and (62) represent a set of infinitely many
simultaneous algebraic equations. In the actual numerical
calculation, only a finite number of terms will be considered.
After Wmn are determined, the displacements and internal
loads will be calculated in the same manner as discussed in
the previous case.

6 Closed End Effects

When the cylindrical shell subjected to internal pressure
is closed at both ends, a total axial load of P = irazp will be
carried by the stringers and skins. The stresses due to P are
small when compared to the effects due to lateral pressure
alone. The following analysis without consideration of shear
lag effect will be quite acceptable.

It is well known that the normal displacement of a thin
cylinder, without consideration of constraints of rings and
stringers, subjected to lateral pressure alone is

Wo = pa2/Et (68)
The corresponding final deformations, considering the effect
of the constraints of the ring and the stringer, may be written
as

w = Wpa*/Et (69)
The reduction or addition of deformation, as well as stresses

Detailed derivation may be referred to in Ref. 19.
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Table 1 Data for numerical examples

Case

1
2
3

a
in.

143
143
143

6
in.

7.8
7.8
7.8

RQ
in.

138.9
138.9
138.9

I
in.4

0.051
0.051
0.051

As
in.2

0.1881
0.1881
0.1881

AR
in.2

0.721
0.721
0.600

Is
in.4

6.56
6.56
3.92

t
in.

0.07
0.07
0.07

in.

0
0.02
0.02

's — -^'l
in.

0
4.5
4.5

Remark

8 in. ring without strap
8 in. ring with strap
6 in. ring with strap

due to the constraints of the stringers and rings, may be indi-
cated by the parameter, a(x,y)t or

-a(x,y} = (w - WQ)/\WQ\ = W - 1 (70)

Substitution of Eq. (68) into (69) yields

w = (1 - a)Wo = (1 - a)pa*/Et (71)
The state of stress and deformation, w, without considera-

tion of the constraints of the ring and the flexural constraint
of the stringer due to axial load P or pa/2 intensity along the
circumference, may be derived by satisfying the equilibrium
conditions and the compatibility of linear strain of the skin
and the stringer. The following results are obtained:

** = pa/2(l + As/U}t (72)
and

Nxs = axxAs = paAs/2t(l + AS/U) (73)
The corresponding circumferential stress is

O-yy = 0

•60

10
KING

W-

10

Y=3-9 in.

CL - 143 in.

b - 1.8 //».
p = I psL
± =: o.o7 tt.

Free. Expand/on

~ ££- -=-0.029/4-"

ut Strap

5
X in.

Fig. 2a Skin displacements along longitudinal direction.
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Fig. 2b Skin displacements along circumferential
direction.

As a result, the contraction of the skin in the radial direction
corresponding to zero hoop stress becomes

w - vpa2/2Et(l + As/bt) (74)

The increase or decrease in the displacement due to con-
straints of the ring and the flexural rigidity of the stringer is
aw. The parameter, a, has been defined in Eq. (70). The
final displacement, w*, of the skin due to the axial load P
becomes

w* = (1 - a)w = [v/2(l + A./&OK1 - a)(pa*/Et) (75)

The corresponding circumferential stress, (ryy*, becomes

<ryy* = aE(w/a) = [av/2t(l + As/bt)]pa = avx<rx* (76)

which is considerably smaller than the hoop stress corre-
sponding to lateral pressure alone.

From the above discussion, it is interesting to note that
the deformation and stresses due to the effect of axial load
may be determined as soon as the solution for an open-
ended cylindrical shell is obtained.

Numerical Examples

Typical arrangements and dimensions of C-5A airplane
fuselage are selected for example solutions. The material
parameters and dimensions common to all cases listed in
Table 1 are p = 1 psi, I = 20 in., v = 0.3, E = 107 psi, Az =
Ay = 0.25 in. The symbol, t8j shown in the table represents
the thickness of a titanium strap and ls is its width. The
straps are placed symmetrically along the mid-line between
two adjacent rings.

The results for the displacements and inner and outer fiber
stresses corresponding to the combined effect of lateral pres-
sure and axial load at the following locations are plotted in
Figs. 2-4: 1) along mid-line between adjacent stringer

30r

* 20
O

RING

a = t43 //>.
\'°

"Rl^tG - 0.07
i S+rap

Fig. 3 Skin longitudinal and circumferential stresses at
points along longitudinal direction.
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1" I'">r tf^y'itiriez FiSER--^

0-5"y/
ALONG X= 5 i

STRINGER.

a.= 143 ''i.
b= 7-8 in.
p- Ipsi
±=O.OJ in .

-— K//W, S -/-/-£ p

Vxx OUTER

Fig. Skin longitudinal and circumferential stress at
points along circumferential direction.

(y = 0), 2) along stringer (y = 6/2), 3) along mid-line between
two adjacent rings (x = 0), 4) along quarter-line of ring
spacing (x = 1/4), 5) along center-line of ring (x = 1/2).

The variation of displacement of the skin along the longi-
tudinal as well as the circumferential directions is significant
for the cases where circumferential bands are not included;
as a result, the bending moments are high. For a shell with
intermediate straps, however, the variation of displacements
and stresses along the circumferential direction is negligibly
small, and the variations along longitudinal direction are
small but detectable. In short, it appears that the insertion
of straps is structurally effective according to the cases
under consideration.

Discussion
The solution of cylindrical shells with uniform as well as

nonuniform thickness orthogonally stiffened by uniform
stiffeners subjected to internal pressure is obtained by treat-
ing the stiff eners as separate elements. The deformation
and stress condition can be calculated for any point in the
structure. Numerical examples based on C-5A fuselage
material parameters and dimensions are presented. The re-
sults indicate that the variation of displacement of the shell
along the longitudinal as well as the circumferential direc-
tions is significant for the cases where the circumferential
bands are not included; as a result, large bending stresses
are introduced. For a shell with intermediate bands, how-
ever, the variation of displacements and stresses along the
circumferential direction is negligibly small, and the vari-
ations along longitudinal directions are small but detectable.
As a result, stress levels are equalized and maximum stress
levels are reduced. This reduction will increase the fatigue
endurance where fuselage pressurization and de-pressurization
are predominant, and in resistance to damage propagation.
In short, it appears that the insertion of circumferential
bands is structurally effective according to the cases con-
sidered. While the example problems consider only one
strap located midway between every two rings, the analysis
and computer program for IBM 7094 are prepared for multi-
ple straps at variable locations.
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